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Problem 1.

Let v1 � p1, 1, 1, 1q, v2 � p2, 1, 2, 3q, v3 � p1, 0, 1, tq be vetors in R
4
.

a) for whih t P R vetors v1, v2, v3 P R
4
are linearly independent?

b) �nd a system of linear equations whih set of solutions is equal to linpv1, v2, v3q

for t � 3.

Solution.

Put vetors horizontally in a matrix and perform elementary row operations to get

an ehelon form.

�

�

1 1 1 1

2 1 2 3

1 0 1 t

�

�

r2�2r1
r3�r1
ÝÑ

�

�

1 1 1 1

0 �1 0 1

0 �1 0 t� 1

�

�

r1�r2
r3�r2
p�1q�r2
ÝÑ

�

�

1 0 1 2

0 1 0 �1

0 0 0 t� 2

�

�

a) elementary operations do not hange linear dependene. If t � 2 then

�

�

1 0 1 2

0 1 0 �1

0 0 0 t� 2

�

�

r3{pt�2q

r2�r3
r1�2r3
ÝÑ

�

�

1 0 1 0

0 1 0 0

0 0 0 1

�

�

vetors p1, 0, 1, 0q, p0, 1, 0, 0q, p0, 0, 0, 1q are linearly independent, so are v1, v2, v3.

For t � 2 we get the zero vetor so vetors v1, v2, v3 are linearly dependent.

Answer: t � 2

b) for t � 3 any vetor in linpv1, v2, v3q is equal to x1p1, 0, 1, 0q � x2p0, 1, 0, 0q �

x4p0, 0, 0, 1q � px1, x2, x1, x4q for some x1, x2, x4 P R. This is a general solution

of the following system onsisting of a single linear equation

x1 � x3 � 0

Answer:

x1 � x3 � 0
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Problem 2.

Let W � R
5
be a subspae given by the homogeneous system of linear equations

$

&

%

x1 � x2 � 2x3 � x4 � 2x5 � 0

x1 � x2 � 3x3 � x4 � 3x5 � 0

2x1 � 3x2 � 5x3 � 3x4 � 3x5 � 0

a) �nd a basis A of the subspae W and the dimension of W ,

b) omplete the basisA to a basis B of R
5
and �nd oordinates of w � p1, 0, 0, 0, 0q P

R
5
relative to B.

Solution.

Solve the system of linear equations by bringing the matrix of oe�ients to a

redued ehelon form

�

�

1 1 2 �1 2

1 1 3 1 3

2 3 5 �3 3

�

�

r2�r1
r3�2r1
ÝÑ

�

�

1 1 2 �1 2

0 0 1 2 1

0 1 1 �1 �1

�

�

r1�r3
ÝÑ

�

�

1 0 1 0 3

0 0 1 2 1

0 1 1 �1 �1

�

�

r1�r2
r3�r2
ÝÑ

�

�

1 0 0 �2 2

0 0 1 2 1

0 1 0 �3 �2

�

�

r2Ør3
ÝÑ

�

�

1 0 0 �2 2

0 1 0 �3 �2

0 0 1 2 1

�

�

The general solution is

$

&

%

x1 � 2x4 � 2x5
x2 � 3x4 � 2x5
x3 � �2x4 � x5

that is p2x4�2x5, 3x4�2x5,�2x4�x5, x4, x5q � x4p2, 3,�2, 1, 0q�x5p�2, 2,�1, 0, 1q, x4, x5 P

R.

a) Answer: The basis of W is A � pp2, 3,�2, 1, 0q, p�2, 2,�1, 0, 1qq and dimW �

2.

b) observe that the matrix

�

�

�

�

�

�

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

2 3 �2 1 0

�2 2 �1 0 1

�

�

�

�

�

�

an be brought by the elementary row operations to the identity matrix (alter-

natively, its determinant is non�zero), therefore rows of it give a basis of R
5
. It

is easy to see that

w � 1p1, 0, 0, 0, 0q�0p0, 1, 0, 0, 0q�0p0, 0, 1, 0, 0q�0p2, 3,�2, 1, 0q�0p�2, 2,�1, 0, 1q

Answer: The basis is B � pp1, 0, 0, 0, 0q, p0, 1, 0, 0, 0q, p0, 0, 1, 0, 0q, p2, 3,�2, 1, 0q,

p�2, 2,�1, 0, 1qq. The oordinates of w relative to B are 1, 0, 0, 0, 0.

Problem 3.

Let ϕ : R3
Ñ R

3
be a linear transformation given by the formula

ϕppx1, x2, x3qq � p�4x1 � x2 � 2x3, tx2,�x1 � x2 � x3q.

a) for t � �3 �nd matrix C P Mp3 � 3;Rq suh that matrix C�1MpϕqststC is

diagonal,
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b) �nd all t P R for whih there exist a basis A of R
3
suh that MpϕqA

A
�

�

�

p 0 0

0 p 0

0 0 q

�

� , where p, q P R.

Solution.

a)

Mpϕqstst �

�

�

�4 1 2

0 �3 0

�1 1 �1

�

� , wϕpλq � det

�

�

�4� λ 1 2

0 �3� λ 0

�1 1 �1� λ

�

� .

wϕpλq � p�1q2�2
p�3� λq det

�

�4� λ 2

�1 �1� λ

�

� �pλ� 3q2pλ� 2q.

The eigenvalues are λ � �2 and λ � �3. Compute eigenspaes

V
p�2q :

�

�

�2 1 2

0 �1 0

�1 1 1

�

�

�

�

x1
x2
x3

�

�

�

�

�

0

0

0

�

�

ðñ x2 � 0, x1 � x3, x3 P R

V
p�2q � tpx3, 0, x3q P R

3
| x3 P Ru � linpp1, 0, 1qq

V
p�3q :

�

�

�1 1 2

0 0 0

�1 1 2

�

�

�

�

x1
x2
x3

�

�

�

�

�

0

0

0

�

�

ðñ x1 � x2 � 2x3, x2, x3 P R

V
p�3q � tpx2 � 2x3, x2, x3q P R

3
| x2, x3 P Ru � linpp1, 1, 0q, p2, 0, 1qq

There exist basis A � pp1, 0, 1q, p1, 1, 0q, p2, 0, 1qq or R3
onsisting of eigenvetors

of ϕ.

Answer: C �Mpidqst
A
�

�

�

1 1 2

0 1 0

1 0 1

�

�

b) by omputing the harateristi polynomial as in aq we see that either t � �2

or t � �3. For t � �3 there exists a basis of R
3
onsisting of eigenvetors. It is

enough to hek that for t � �2.

V
p�2q :

�

�

�2 1 2

0 0 0

�1 1 1

�

�

�

�

x1
x2
x3

�

�

�

�

�

0

0

0

�

�

ðñ x2 � 0, x1 � x3, x3 P R

V
p�2q � tpx3, 0, x3q P R

3
| x3 P Ru � linpp1, 0, 1qq

V
p�3q :

�

�

�1 1 2

0 1 0

�1 1 2

�

�

�

�

x1
x2
x3

�

�

�

�

�

0

0

0

�

�

ðñ x2 � 0, x1 � 2x3, x3 P R

V
p�3q � tp2x3, 0, x3q P R

3
| x3 P Ru � linpp2, 0, 1qq

For t � �2 there is no basis of R3
onsisting of eigenvetors of ϕ (too few linearly

independent eigenvetors).

Answer: t � �3
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Problem 4.

Let A � pp1, 1, 0q, p0, 0, 1q, p2, 3, 0qq be an ordered basis of R
3
. The linear transfor-

mation ψ : R3
ÝÑ R

3
is given by the matrix MpψqA

A
�

�

�

1 1 0

�1 0 1

0 �1 0

�

�

.

a) �nd Mpψqst
A
,

b) �nd formula of ψ � ψ.

Solution.

a) by de�nition of a matrix of a linear transformation

ψpp1, 1, 0qq � 1p1, 1, 0q � 1p0, 0, 1q � 0p2, 3, 0q � p1, 1,�1q,

ψpp0, 0, 1qq � 1p1, 1, 0q � 0p0, 0, 1q � 1p2, 3, 0q � p�1,�2, 0q,

ψpp2, 3, 0qq � 0p1, 1, 0q � 1p0, 0, 1q � 0p2, 3, 0q � p0, 0, 1q.

Answer: Mpψqst
A
�

�

�

1 �1 0

1 �2 0

�1 0 1

�

�

b) From aq

ψpp0, 1, 0qq � ψpp2, 3, 0qq � 2ψpp1, 1, 0qq � p0, 0, 1q � 2p1, 1,�1q � p�2,�2, 3q.

Therefore

ψpp1, 0, 0qq � ψpp1, 1, 0qq � ψpp0, 1, 0qq � p1, 1,�1q � p�2,�2, 3q � p3, 3,�4q.

Again, by de�nition

Mpψqstst �

�

�

3 �2 �1

3 �2 �2

�4 3 0

�

� .

Mpψ � ψqstst �

�

�

3 �2 �1

3 �2 �2

�4 3 0

�

�

�

�

3 �2 �1

3 �2 �2

�4 3 0

�

�

�

�

�

7 �5 1

11 �8 1

�3 2 �2

�

�

Answer: pψ�ψqpx1, x2, x3q � p7x1�5x2�x3, 11x1�8x2�x3,�3x1�2x2�2x3q

Problem 5.

Let V � tpx1, x2, x3q P R
3
| x1 � x2 � 2x3 � 0u be a subspae of R

3
.

a) �nd an orthonormal basis of V K

,

b) ompute the orthogonal projetion of w � p3, 0, 0q onto V .

Solution.

a) treating oe�ients of a system of linear equations as vetors spanning a sub-

spae orresponds to passing from a vetor spae of solutions to its orthogonal

ompletion. Therefore V K

� linpp1,�1, 2qq.

Answer: A � p

1
?

6
p1,�1, 2qq is the orthonormal basis of V K
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b) it is easier to projet w onto V K

PV Kpp3, 0, 0qq �
p3, 0, 0q � p1,�1, 2q

p1,�1, 2q � p1,�1, 2q
p1,�1, 2q �

1

2
p1,�1, 2q.

Sine PV pwq � PV Kpwq � w we have PV pp3, 0, 0qq � p3, 0, 0q � 1

2
p1,�1, 2q.

Answer: PV pp3, 0, 0qq �
1

2
p5, 1,�2q

Problem 6.

Let

A�1
�

�

�

1 1 1

1 2 1

2 3 3

�

� B �

�

�

1 0 �1

0 1 0

0 0 1

�

� .

a) ompute matrix AB,

b) ompute detpB4A�1
�B5

q.

Solution.

a) ompute A � pA�1
q

�1

�

�

1 1 1 1 0 0

1 2 1 0 1 0

2 3 3 0 0 1

�

�

easy row

operations

ÝÑ

�

�

1 0 0 3 0 �1

0 1 0 �1 1 0

0 0 1 �1 �1 1

�

�

Therefore

AB �

�

�

3 0 �1

�1 1 0

�1 �1 1

�

�

�

�

1 0 �1

0 1 0

0 0 1

�

� .

Answer: AB �

�

�

3 0 �4

�1 1 1

�1 �1 2

�

�

b)

detpB4A�1
�B5

q � detpB4
pA�1

�Bqq � pdetBq4 det

�

�

2 1 0

1 3 1

2 3 4

�

�

w3�4w2

�

� pdetBq4 det

�

�

2 1 0

1 3 1

�2 �9 0

�

�

� 14 � p�1q2�3
p�18� 2q � 16.

Answer: detpB4A�1
�B5

q � 16

Problem 7.

Let L � R
3
be an a�ne line given by the system of linear equations

"

x1 � x3 � 2

2x1 � x2 � 3

a) �nd a parametrization of L,

b) �nd an equation of the a�ne plane perpendiular to L passing through p1, 0, 0q.

Solution.



a) it is enough to solve the system of linear equations whih is straightforward

"

x2 � 2x1 � 3

x3 � x1 � 2
, x1 P R

The general solution an be presented as px1, 2x1 � 3, x1 � 2q � p0,�3,�2q �

x1p1, 2, 1q, x1 P R.

Answer: parametrization of L : p0,�3,�2q � tp1, 2, 1q, t P R.

b) sine

ÝÑ

L � linp1, 2, 1q then
ÝÑ

L
K

is equal to the set of solutions of the equation

x1 � 2x2 � x3 � 0.

We need to modify the onstant term so the plane passes through p1, 0, 0q.

Answer: x1 � 2x2 � x3 � 1

Problem 8.

Consider the following linear programming problem �4x1�3x2�5x3�2x5 Ñ min

in the standard form with onstraints

"

x1 � x2 � x3 � x4 � 3

2x1 � x2 � 2x3 � x5 � 4
and xi ¥ 0 for i � 1, . . . , 5

a) whih of the sets B1 � t1, 3u,B2 � t2, 3u,B3 � t4, 5u are basi? Whih basi

sets are feasible?

b) solve the linear programming problem using simplex method.


